
Mesoscale circulations forced by 
differential heating at the earth’s 

surface 
•  We begin with this type of externally-

forced mesoscale circulation because it is 
in some respects the simplest.  The 
forcing is well-defined and the circulations 
are amenable to fairly straightforward 
mathematical treatment 



Begin with the equation of motion 

•  ∂V/∂t = -V   V – α0   p’ – fkxV - α0V(1/
α0V’’V’’) - gα’/α0 

Where we have advection,pressure gradient 
force, Coriolis force, turbulent flux 
divergence (friction) and gravity-buoyancy 

We will treat the horizontal and vertical 
components separately (in the above 
equation, we assume V is 3D along with  



For horizontal part of VH, we have: 

•  ∂VH/∂t = -V  VH – α0   Hp’ – fkxVH - α0V(1/
α0V’’VH’’) 

And for the vertical part, 
•  ∂w/∂t +V   w = dw/dt = - α0∂p’/∂z – gα’/α0 - 
α0∂/∂z(1/α0V’’w’’) 

•  Notice gravity only acts in vertical 
 



In these equations, 

•  α=specific volume (pα=RT from ideal gas 
law) 

•  α0=horizontally uniform base state value of 
α 

•  α’=deviation of specific volume from some 
horiozontally uniform basic state α0(z) 

•  p’=deviation pressure; p0(z)=basic state 
•  V’’=turbulent fluctuation of velocity 



We simplify the vertical equation by 
assuming that deviations are in hydrostatic 

balance, i.e. dw/dt=small 

•  dw/dt ≈ 0 = α0∂p’/∂z + gα’/α0 (a prognostic 
equation for vertical velocity becomes…) 

•  ∂p’/∂z = α’/α0
2g (a diagnostic eq. for 

pressure) 
•  For shallow systems, we have α’/α0 ≈ θ’/θ0 

•  For deep systems, α’/α0≈(θ’/θ0 – cv/cpp’/
p0) 



•  Where θ is the potential temperature with 
the same notational convention for 
deviations and the basic state 

•  If we begin with an atmosphere at rest, 
then we can only create accelerations 
through the pressure gradient force, 
because all other terms involve velocity: 

 ∂V/∂t = -V   V –α0   p’ –α0   p0 -2ΩxV –α0Fr 
•  We can examine the PGF in more detail 

by applying the gradient operator to our 
diagnostic eq. for pressure 



     H(∂p’/∂z) = ∂/∂z(   Hp’)  (since the order of 
partial differentiation is reversible) 

And from the hydrostatic balance of the 
perturbation pressure, 

VH(∂p’/∂z) = g/α0   H(α’/α0) ≈ g/α0θ0   Hθ’ (for 
shallow) 

                   ≈ g/α0(1/θ0   Hθ’ – cv/cpp0   Hp’) 
(for deep) 



Integrate from the earth’s surface 
(z=0) to some height z1 to get: 

•     Hp’|Z1 –    Hp’|Z=0 = g∫ [1/α0   H(α’/α0)]dz 
•  If we restrict ourselves to shallow systems, 
                      = g∫ [1/α0θ0   Hθ’]dz 
We see that the PGF at some height z1 is equal to 

the sfc PGF plus the cumulative effect of 
horizontal potential temp. gradient integrated 
through the layer.  That is, horizontal pressure 
gradients are almost linearly proportional to layer-
averaged horizontal temperature gradients. 
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•  If the heat source is the earth’s surface, 
then we can assume that to a good first 
approximation, the atmospheric heating, 
and the resulting temperature and 
pressure gradients, are confined to the 
planetary boundary layer (PBL).  (By 
definition the PBL is the layer of air that is 
in communication with the earth’s surface 
through the process of turbulent transfer). 



•  This is consistent with our assumption of 
the shallow form of the approximation for 
α’/α0.  Furthermore, for a shallow system, 
we adopt the Boussinesq approximation.  
This approximation ignores the height 
dependence of the basic-state values α0 
and θ0, so that α0(z) is replaced by the 
constant value α00 and θ0(z) is replaced by 
a constant value θ00. 



With these assumptions… 

   Hp’|zi –    Hp’|z=0 = -zig/α00θ00   Hθ’ 
Where θ’ is the mean of θ’ for the layer 

from z=0 to z=zi, and zi is the depth of the 
pbl (via mean value theorem of calculus). 

So, to obtain the PGF, we need to know zi 
and θ’.  This requires us to take a slight 
digression on the topic of boundary layer 
development. 



Mixed Layer Growth 

We will consider a situation with initial stable 
stratification defined by a constant vertical 
gradient of the potential temperature, β = ∂θ/∂z.  If 
we heat the atmosphere from below, then we 
create an unstable stratification (warm air below 
cold).  This thermal (buoyant) instability produces 
turbulent motions that redistribute the air parcels 
so as to remove the instability.  This redistribution 
continues until there is a layer with uniform θ (i.e. 
we no longer have warm air under cold air) 



β=∂θ/∂z 

heat 

zi 

The layer with uniform potential temperature is referred to as the mixed layer, 
and its top is usually denoted zi (where “i” stands for “inversion”) 



•  The redistribution of air parcels corresponds 
to a heat flux.  We represent the kinematic 
heat flux as w’’θ’’, i.e., correlations of 
turbulent vertical motions with turbulent 
fluctuations of temperature. 

•  Note - w’’θ’’ is > 0 for warm up, or cold 
down 

•  Within some layer of thickness Δz=z2-z1, the 
heating rate is proportional to the heat flux 
divergence: 

    ∂θ/∂t = -∂/∂z(w’’θ’’) ≈ -[(w’’θ’’|z2 -
w’’θ’’|z1)/Δz] 



•  For the mixed layer, z1 = 0 and z2 = zi, so 
that: 

 ∂θ/∂t = -(w’’θ’’0 -w’’θ’’zi) / zi  (1) 
•  Returning to our diagram of the mixed layer, 

we see that the mean potential temperature 
perturbation is proportional to the mixed 
layer depth.  Thus, 

 ∂zi/∂t =1/β ∂θ/∂t    (2) 
•  Intuitively, the more intense the heating, the 

faster the mixed-layer growth 



•  Substituting (1) into (2): 
   ∂zi/∂t =1/βzi (w’’θ’’0 -w’’θ’’zi)  
 
•  The surface heat flux w’’θ’’0 can be 

measured to an accuracy of order 5% or so.  
To a reasonable approximation, it follows a 
sine curve with a maximum around noon. 

  



•  How do we get w’’θ’’zi?  It is diffcult to 
measure  (Why?) 

•  A common approach is to assume that 
w’’θ’’zi is some fraction of the surface heat 
flux, i.e., w’’θ’’zi  ≈ c w’’θ’’0 

•  Then we have, 
  ∂zi/∂t =1/βzi (w’’θ’’0 - cw’’θ’’0) = (1-c)/ βzi 

w’’θ’’0 

Typically c ≈ -0.2 (notice the minus sign – what 
does it mean?)  

 



•  If we assume w’’θ’’0 is known, we can 
solve for zi as a function of time.  As we 
discussed earlier, we can approximate the 
time dependence of w’’θ’’0 by a sine curve: 

 w’’θ’’0(t) = H(t) = Hmax sin(πt/τ) 
   where t=0 is when w’’θ’’0 first becomes 

positive (usually about an hour after sunrise) 
and τ = the portion of the day during which 
the heat flux is positive (from shortly after 
sunrise to shortly before sunset) 

 



•  Then,  ∂zi/∂t  = (1-c)/ βzi w’’θ’’0 (t) =  
Hmax(1-c)/ βzi sin (πt/τ) 

Integrate from t1 to t2, which would be from height zi(t1) 
to zi(t2): 

∫ zi(t2) dzi = Hmax(1-c)/β ∫t2 sin(πt/ τ)dt 

½[zi
2(t2) – zi

2(t1)] = Hmax(1-c)/β τ/π [ -cos(πt2/τ)- -cos(πt1/
τ))] 

Or, zi
2(t2) = zi

2(t1) + 2Hmax(1-c)τ/βπ [cos(πt1/τ)-cos(πt2/τ)] 

Let us evaluate the growth of the mixed layer from 
around sunrise; t1=0 and zi(0)=0 to around sunset; t2=τ 
and zi =zi(τ).  Then the term in brackets is just cos(0) – 
cos(π) = 1 – (-1) =2 and we get: 

Zi(t1) t1 



∂zi/∂t  = (1-c)/ βzi w’’θ’’0 (t) =  
Hmax(1-c)/ βzi sin (πt/τ) 

Integrate from t1 to t2, which would be from height zi(t1) 
to zi(t2): 

∫ zi(t2) dzi = Hmax(1-c)/β ∫t2 sin(πt/ τ)dt 

½[zi
2(t2) – zi

2(t1)] = Hmax(1-c)/β τ/π [ -cos(πt2/τ)- -cos(πt1/
τ))] 

Or, zi
2(t2) = zi

2(t1) + 2Hmax(1-c)τ/βπ [cos(πt1/τ)-cos(πt2/τ)] 

Let us evaluate the growth of the mixed layer from 
around sunrise; t1=0 and zi(0)=0 to around sunset; t2=τ 
and zi =zi(τ).  Then the term in brackets is just cos(0) – 
cos(π) = 1 – (-1) =2 and we get: 

Zi(t1) t1 



zi
2(τ) = 0 +[2 Hmax(1-c)τ/βπ]*2 

or 
zi(τ) = 2 [Hmax(1-c)τ/βπ]**0.5 
 

From this equation, we see: 
1)  Boundary layer growth depends on the 

square root of the heat flux 
2)  And on the square root of the day length 
3)  And (inversely) on the square root of the 

initial stratification 



Example 

•  Suppose Hmax = 300 Wm-2 => .25Kms-1 

•  β = 4K km-1 => 4x10-3Km-1 

•  τ = 12 h => 43,200 s 
•  C = -0.2 
•  Then, zi(τ) = 2[(.25Kms-1)(1.2)(43,200s)/ 

(4x10-3Km-1)π]**0.5 = 2030 m 



•  Notice we can also solve for the mixed 
layer temperature.  For constant β, the 
temperature at the mixed layer top is just 

  θ|zi = θ(t=0,z=0) + βzi 

 i.e., simply the solution for the appropriate 
point along a line of slope β and intercept 
θ (t=0,z=0).  By definition, the value of θ 
anywhere in the mixed layer is equal to θ 
at any other place in the mixed layer 
(including the top of the mixed layer). Call 
this value θ 



•  Now, the potential temperature 
perturbation at the top of the mixed layer is 
0.  At the bottom of the layer, it is: 

   θ’(z=0,t=t2) = θ – θ(t=0,z=0) =βzi 

So that the average potential temperature 
deviation is simply θ’ = ½ βzi 



We now have a procedure for estimating the 
pressure perturbation induced by differential 

heating 

•  Given observations or an assumed 
functional relation for H and β, solve for 
zi(t) 

•  Substitute zi(t) into θ’ = ½ βzi to get the 
mean of the deviation potential 
temperature 

•  Then, p’ = -(zig/α0θ0) θ’ 



Returning to our previous 
example… 

•  zi=2030m 
•  g=9.8 ms-2 

•  α0 = 1/ρ0 = 1/1.2kgm-3 ≈ 0.8 m3kg-1 

•  θ0 ≈ 288 K 
•  β = 4x10-3 K m-1 

•  And θ’ = ½ (4x10-3Km-1)(2030m) = 4K 
•  Then p’ = -(2030m)(9.8ms-2)/(0.8m3kg-1)

(288K) * (4K) = 345 Pa or 3.45 mb. 



Relationship of kinematic heat flux 
to usual thermodynamic heat flux 

•  Approximately, H ≈ ρcpw’’θ’’   
   or w’’θ’’ ≈ H/ρcp 
Taking ρ ≈ 1.2 kg/m-3 and cp = 1004 Jkg-1K-1, we 

get w’’θ’’ ≈ H/1200 JK-1m-3 

Then if H≈300 Wm-2 at midday (=300 Js-1m-2), 
 w’’θ’’ ≈ 300 Js-1m-2/1200 JK-1m-3 =0.25Kms-1.  

(note the units work out as temperature 
*velocity).  Magnitude is reasonable too; e.g., a 
temperature perturbation of 1 degree and an 
updraft of 0.25 ms-1 (small since we are close to 
the ground). 


